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Abstract

We study properties of the localized solitons to the sinedBp equation excited on the attractive impurity by a
moving kink. The cases of one- and two-dimensional spgtettended impurities are considered. For the case of
one-dimensional impurity the possibility of excitationtbi first even and odd high-amplitude impurity modes by
the moving kink is demonstrated. For the case of two-dinmradiimpurity we show the possibility of excitation of
the nonlinear high-amplitude waves of new type called heeathing pulson and breathing 2D soliton. We suggest
different analytical expressions to model these nonlineatatiaris. The dependencies of the oscillation frequency
and the amplitude of the excited impurity modes on the intpy@rameters are reported.
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1. Introduction

In the last years, the solitary wave dynamics has attracter@asing attention of researchers [1]. This is due to
the fact that solitons initially studied in integrable ®rss gave rise to the study on solitary waves in non-integrabl
systems to describe a number of physical problems. For éeathp sin-Gordon equation (SGE) is used for modeling
wave propagation in geological media, in molecular bio|dggld theory models, in elementary particle physics, to
name a fewl[2,13]. The SGE soliton solutions help to descritiraaln walls in magnetics, dislocations in crystals,
fluxons in Josephson'’s junctions, eta.|[4—6]. In many casésbior of solitons can bdtectively described by quasi-
particles and then their dynamics can be presented by ayditiierential equations [7]. However, in the presence
of perturbations, the structure of solitons can be changedltaey can be more accurately described by deformable
quasi-particles [5]. Soliton’s internal degrees of fremdman be excited in this case and they can play a very important
role in a number of physical processes|[8, 9]. Soliton iraemodes can be responcible for the non-trivigets of
their interactions [10-14]. The internal modes can inclidetranslational and pulsation mode describing longdlive
oscillations of soliton widthi[15]. Eect of various perturbations on the excitation of SGE spltinternal modes
attracts a lot of attention of researchers. Local inhomedigs are ubiquitous in many physical systems, including
those described by SGE, and it is very important to study dfitoa scattering on such impurities [5]. For instance,
there exist many works devoted to the analysis of extermakfthat varies in time and space [5] 9} |115-17]. Weak
perturbations on the SGE solutions can be studied in frambeoperturbation theory well-developed for solitons
[5,7] but the dfect of strong perturbations can be analyzed only numeyifbi-20].

The dfect of spatial modulation (inhomogeneity) of the periodatgmtial or the presence of an impurity in the
system are also very interesting [5]. Depending on the gégmoéthe system, physically meaningful can be one-
dimensional or multi-dimensional problems. The problersaaittering of SGE kinks on impurities in one-dimensional
case has been under consideration for a long time [7, 19221F8r example, the model of classical particle is appli-
cable to the problem of kink-impurity interaction in the eaghen impurity itself does not support vibrational modes
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localized on the impurity [5]. Importance of the impurity des in the mechanisms of kink-impurity interactions has
been demonstrated in the works|[5, 23—26]. Let us mentioh andnteresting ffect as the reflection of kink by an
attractive impurity due to the resonance energy exchaniyeelea translational kink's mode and the impurity mode.

Two-dimensional SGE has been also studied for a long timb thi¢ use of analytical methods [27+-29] and
with the help of numerical methods [18,/ 27, 30]. For examipiehe works[[18| 31] the appearance and motion of
flexural solitary waves on the kink interacting with a twarginsional impurity has been investigated. However, the
possibility of excitation of various two-dimensional vétional modes localized on the impurity was not discussed in
those works.

In the present study we analyze the interaction of SGE kirtk whpurity in the case when large-amplitude
nonlinear waves localized on the impurity are excited basalt of interaction.

Let us consider the system defined by the following Lagramgia

1[(86\* [06\* (86 :
L(x,y,t) = > [(E) + (a_x) + (@) } +[1— AK (x,y)] Sir? 6. (1)
The corresponding equation of motion for the scalar fildy, t) has the following form
%0 80 40 1 .
ﬁ_ﬁ_a_yz-i_éK(x’y)sng:O’ (2)

where the functioiK(x, y) defines the interaction of the fiefifx, y, t) with the impurity.

2. One-dimensional case
The sine-Gordon model with the impurity extended in one disien is defined by the Lagrangidn (1) with

L X< Xy, X>X+W
K(X)_{l—AK, X1 X< X+W (3)

whereW is the width of the impurity. ClearlyAK > 0 describes a potential well, while&k < 0 describes a potential
barrier.
In the caseK(x) = 1 (AK = 0) Eq.[2 supports the exact solution in the form of topololgseéiton or, in other
words, kink:
0(x, t) = 2 arctan(exply(vo)(X — Vot)]) , (4)

wherey(vo) = (1 - v3)~*2 with a parameter & vq < 1 defining the velocity of the kink. Equatiofl (2) also admiits t
periodic in time solution in the form of breather,

V1- w?sinwt
w cosh[ V1- w?(x— xo)] ’

wherew is the breather frequency amglis the coordinate of its center.

The case oK (X) = 1 - &6(X) wheres(X) is the Dirac delta function and© ¢ < 1 is a constant has been studied in
[5]. It has been demonstrated that in frame of the underfblenldnk approximation the impurity acts as a potential
and for the chosen sign efthe potential is attractive and hence the soliton can bdifmzhon the impurity. In the
case of deformable kink, in addition to the oscillatory roatdf the kink in the potential generated by the impurity,
a strong modification of the kink shape, having a resonamacher, can take place. The possibility of excitation of
the impurity mode as a result of kink scattering that redults considerable change of kink dynamics has also been
considered. For the case of finite size impurity (in the seaptasé(x) has the form[(B) the interaction of the kink
with the impurity has been analyzed for both non-deformahttdeformable kinks [20, 21,[23].

Let us investigate the relation between the spectra of thpaiiity mode and the small-amplitude excitations of
(@). We take into account that for the one-dimensional cdgB)owith K(x) = 1 there exists the vacuum solution
0.(x,t) = 0. We look for the spectrum of the small-amplitude vibrasiamthe vicinity of this solution

6(x,1) = 2 arctar[ (5)

O(x 1) = 0. +86(x,1), S6(x 1) < 1. (6)
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Substituting[(B) into[(2) after linearization with respezt6 , one gets the equation
L&6(X) = w?66(X), (7)

which is the Schrodinger equation with the operéater —dd—; +K(X), wherewy, is the impurity mode frequency. Let us

look for the localized solutions of the Schrodinger equaid). It is convenient to introduce the following notation
¥’=1-u? K =w?-(1-AK). (8)

For K(x) defined by[(B) even and odd solutions[ib (7) are possible [32]

B coskx, -W/2<x<W/2 9)

Arer, X < —W/2
¥, =
Biev, X > W/2

B; sinkx, -W/2 < x< W2 (10)

AT, x<-W/2
¥Y_ =
BjeX,  x>W2

We subject the solution to the condition of smoothness antruaity at the point = W/2 and obtain the following
dispersion relations for evel] (9) and o@d](10) solutiorspeetively,

tan(kVEV) - f (11)
tan(k\%v) = —)é. (12)

Since, in the considered cagd andW are constant, equatioris {I1,12) give the possibility todihtfequencies
w of the impurity modes in the potential well of given size. Hates with even and odd wave functions alternate and
the first odd solution, that corresponds to the second loe@tate, appears when the relatidr= W?AK is satisfied.

Let us study numerically the large-amplitude localized umity modes excited due to the interaction with a kink
for the caseAK < 0. The most interesting case is when the size of the solitohtltee same order with the size of the
impurity because in this case the soliton shape is strorfiggi@d by the impurity. To solve the equations of motion
(2) numerically we use the iteration method for the expkcihteme. The following algorithm was applied. Initially
we have a SGE kink (4) moving with a constant speed. Boundargtifons have the form(+oo) = 0, 7; 8’ (£o0) = 0.

We introduce the mesh for the spatial coordinate and itevakerespect to time, taking into account the convergence
condition for the explicit scheme, to find the kink positidrttee next time step. The characteristics of the nonlinear
wave were found from the numerically constructed functipgt).

The numerical experiments have demonstrated that the kisgipg the impurity excites the bell-shaped nonlinear
oscillatory wave, see Fifl] 1. We found that this oscillatoxyde can be well fitted by the expression

V1 - w? sinfwy(t — to)]

wsech(y VI-w?X)

0 (x,t) = Aexpla(t —tp)) arctar{ (13)

which is a stationary breathdr] (5) in the presence of damwitiy the codficient« and with an additional fitting
parametey. In Fig.[2 we compare the numerically found time evolutiothef field value at the center of the impurity
(x = 0) with that found from the approximating formu[@a]13) withetfitting parameterd = 0.4, v = 0.616 «a =
45x 1075,y = 1, ty = 45. The numerical result and the result obtained from then§itformula [IB) overlap.
Damping of the breather is due to slow radiation of small-innge extended waves that can be seen in[Hig. 1.

Amplitude of the breather excited by the passing kink depeamdthe kink velocity, (see Fig[B) and the curve
has a maximum with the value dependent on the impurity paensieK andW.

The amplitude of the excited breather also dependskmandW and it vanishes wheAK — 0, W — 0, i.e., in
the absence of impurity.



Figure 1: Excitation of the breathing nonlinear excitatmnthe impurity by the moving kink for the case 8K = 1.5, W = 1.5, vy = 0.86. The
impurity center is located at= 0.
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Figure 2: Time dependence of the field value at the centeedftipurity showing the oscillation of the breather excitgdh® passing kink as shown
in Fig[l. The numerically obtained result overlaps witht taculated from[{I3) fok = 0 andA = 0.4, w = 0.616 o = 45x107°, y = 1, to = 4.5.

Breather frequencyg is practically independent of the kink velocity, while it depends oK andW as shown
in Fig.[4.

It can be seen that fokK — 0, W — 0 the breather frequency tends to unity but the frequendidsné’s
translational and pulsation (oscillation of kink wigth) des excited due to the interaction with impurity tend to zero
[20]. This behavior can be easily understood taking intmaot that breather energy scalesias (1 - w3)Y/? [2]
meaning that for vanishing size of the impurity the energy e amplitude of the breather also vanish. It can also be
seen that the linear approximation for the first even satutiescribed above gives a good description of the excited
breathers in the range of small amplitudes because thedneips calculated from the analytical expression (11)
(solid lines in Fig[%) coincide with the frequencies foundmerically by solving[(R). Excitation of the first odd mode
(the second main state) will be discussed for the case offkimhking by the impurity. In this case, as it was already
mentionaed, pulsation and translational modes can beeselxait the kink([20]. In the case when kink pulsation mode
frequencywpuse < 1, after a transient period a state is formed that can be ilescwith a good accuracy by the
kink-type solution. Therefore, in our case the most intiémgds the range of parametei& andW wherewpyse — 1
and the excited nonlinear wave (see Hig. 5djeds considerably from the kink solution (see Fig. 5b). Algéb
difference of the solutions has the form dramaticalljedent from that shown in Fid.] 1 and it is analogous to the
form of the odd solutions to the Schrodinger equation.

One should also take into account that for the case of lang@iude nonlinear waves obtained numerically, a
three-kink solution can be not just a linear sum of the kin& Breather solutions but a modified solution that takes
into account kink vibrations described by the wobble SGHtsah [33,(34]. For yet increasing values oK andW
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Figure 3: Breather amplitud&,ax measured at the impurity center as the function of kink vglog for () W = 1 and (b)W = 1.5. Curves 1 to
6 are forAK = {0.5, 0.75, 1, 1.25, 1.5, 1.75}, respectively.
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Figure 4: Dependence of the breather oscillation frequencthe parameteraAK (a) andW (b). The solid line corresponds to the frequency
calculated from[{Tl1), while scattered data was obtainedusyerical integration of{2). In (a) curves 1 to 3 correspamtit= 0.5, W = 1, and
W = 1.5, respectively, while in (b) taK = 0.5, AK = 1, andAK = 1.5, respectively.

let us take into account that, as it has been shown in [4] eattitical value of parameters,
KW =2, (14)
in the vicinity of the impurity a stable static soliton caristwhose amplitude can be estimated as
COSAmax = 2/KW, (15)

whereK = 1 — AK. Numerical results show that for Siciently largeAK andW after the passing of kink, in the
vicinity of the impurity a soliton is formed. The dependemdesoliton amplitude oK andW (see Fig[56) can be
approximately expressed as @s 1.8/KW. In Fig.[7 the ranges of the impurity parameters where thathez and
the soliton can exist are presented and for comparison tive defined byl(14) is plotted.

3. Two-dimensional case
For definiteness let us take the impurity in the followingo[18]

1 X< X, X> X2, Y <Y1,Y> V2

K(X,y)={ 1-AK, X1 <X<XoYi<Y<Yo (o)

whereWy = x; — X andW, = y; — Yy, are the parameters that specify the size of the impurity. il&iiy to the
one-dimensional case, E] (2) was integrated with the uaa ekplicit scheme. A uniform mesh with the stewas
introduced forx andy coordinates,

% =&, i=—-Nyg...,Ng, Yj=£&j j=-Ny,..,Ny, 17)
5
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Figure 5: (a) Wobble kink profile and (b) itsftérence from the kink solution atftrent times, 1 + = 117937, 2 —t = 118087, and 3

-t = 118237, for the cas&V = 1, AK = 1.2 and initial kink velocityvg = 0.2. The impurity center is at* = —0.5.
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Figure 6: The dependence of the stabilized soliton amditoid the impurity widthw at fixedAK = 2.8. Curve 1 gives numerical result, while
curve 2 corresponds to ({15).

and for the timé the mesh with the time stepwas employed,
th=m, n=0,1,..., N, (18)

whereNy, Ny, N; are integers. FaN, andN, we took the values from 512 to 2048. It was confirmed that theber
of mesh points for the spatial coordinates does ftecathe main numerical results. Initially we have a SGE kiik (
moving with constant velocity. The boundary conditionstfoe x-coordinate have the forf(+=Nx&,y) = Go(xNy&);

&' (£Nxé,Y) = 65(£Nxé) and for they-coordinate free edges are simulated.

Let us consider the case AK > 0 when, as it was shown above, nonlinear waves localizedeattpurity are
excited due to the interaction with the kink. In Fig. 8 thegess of kink-impurity interaction is presented and one can
see that the nonlinear localized wave radiating extende@svis excited. The wave is called here breathing pulson.
If Wy = W, then the breathing pulson is symmetric with respect &mdy axis (Fig.[9a,b) and the symmetry is lost
for Wy # W, (Fig. [c,d). Firstly, the excited localized wave has a bt and latert(> 20, curve 1 in Fig[10)
the periodic oscillations can be seen at the center of thaiityphaving coordinateéx*, y*). With increase in the
impurity size the oscillation frequency reduces. The atagé decreases with time owing to the radiation of extended
waves. It should be noted that the extended waves cannotsbelsled by the harmonic function because they have a
nonlinear nature (see Fig.]11). The breathing pulson cardgerded as a long-lived nonlinear excitation.

It is well-known that SGE supports the 2D solution calledspul describing long-lived spatially localized vibra-
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Figure 7: Space of impurity parameters showing the rangeevh@ssing kink excites a breather (above the lines 1 and 3)soliton (below the
lines 1 and 2). Line 1 was found numerically and line 2 is gibgr{14).

tions [27+29]. The numerically found breathing pulson camiell approximated by the expression
,ll—w% .
o(r,1) = Aarctan] r(,/l— B)' t—to)], 19
(r, t) arcta o sec wgBr | sinfwp(t - to)] (29)

wherer = /(X/Ax)? + (y/Ay)?, with Ay andAy being the pulson width alongandy axis, respectively. For example,
for the curve 1 in Fig[1l0 one should setin¥9)» 0 andA = 0.42,wp = 0.85,B = 4.8,t5 = 2.5, Ay = 2.4, and
Ay =34.

Our numerical results show that the breathing pulson frequep [determined fron®(x*, y*, t)] does not depend
on kink velocityvo, but it is a function oWy, W, andAK. In Fig. [12 the dependence @b on the parametersK
andW, is shown. It can be seen that with decrease in the impuriy thie breathing pulson frequency (similar to
what was observed for the breather) tends to unity. Deperdefiwpr on K = 1 — AK can be approximately given by
wp = (@(K*| + K))9/ /1 + (a(K*| + K))29, wherea is a constanty ~ 2, K* is the smallest value d¢ when breathing
pulson is still formed in the vicinity of the impurity. Depdance otvp on\W, (as well as oiW) can be approximately
expressed asp = 1 - (bW,)P/ /1 + (bW,)?P, whereb is a constant ang ~ 2. Maximal breathing pulson amplitude,
Amax as the function of the kink velocity, is presented in Fid,_13 and, similarly to the one-dimendioase, it has
a maximum. With decrease in the impurity sixgax vanishes. The dependenga(AK) for small values ofAK is
close to linear. The dependen&ga (W) for W, < 1 is close to linear and for larg#, it saturates. Note that for fixed
vo maximal value ofAnax strongly depends onK, W, andW.

For increasing values of the parametaks, W, andWj, after the kink passes the impurity, a localized nonlinear
wave called here breathing 2D soliton is excited on the intp(see Fig[IH). The breathing 2D soliton shape depends
on the parametei/, andW, and it can be symmetric (Fig._JL5a,b) or asymmetric (Eig. dp©ur numerical results
suggest that the breathing 2D soliton is a long-lived efoitewith amplitude slowly decreasing in time. The breaghin
2D soliton cannot be described by the direct sum of 2D sokmintion and pulson solution to SGE. On the other
hand, the breathing 2D soliton can be well approximated byettpression

Ao + Az sinfws(t — to)]
wgt /1 - w? cosh(,/1 - w3Br)

wherer = /(x/Ax)? + (Y/Ay)?, B = Bp — By sin[ws(t — to)], ws is breathing 2D soliton frequencio, A1, By, B are
the breathing 2D soliton parameters that depend on the itgparametersjy, Ay are the characteristic widths of
the soliton alongK andY axis, respectively. For example, the curve 2 in Eig. 10 id fitedd by (20) withr = 0 and
Ag=063,A; =0.13,Bp=9,B; = 1,ws = 0.94,t5 = 0,Ax = 1.8, andAy =3.2.
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Figure 8: The excitation and evolution of a breathing pulorihe caselNy = 1, Wy = 3, andAK = 2. (a)t = 1155, (b)t = 126, (c)t = 1365,
(d)t = 15.75, (e)t = 17.43, anf ()t = 19.32. The impurity center coordinates ate=y* = 60.

Our numerical results have demonstrated that the breagingoliton frequencyws, similarly to what was
observed for the pulson, does not depend on the initial kédlaity but is a function of the parametef, W, and
AK (see Fig.[16). It can be seen thag tends to unity for increasing/y, W, andAK. The dependence afs on
K = 1 - AK can be approximated by the expressian= (c(|K*| - K))9/ /1 + (c(|K*| - K))29, whereq ~ 6, cis a
constant, anék* is the largest value df at which the breathing 2D soliton can be formed in the impuggion. The
dependence abs onW, (as well as 0oiW,) can be approximately given lays = (aW)P/ /1 + (aW,)?P, wherep ~ 3,
andais a constant. In Fig._17 for the breathing 2D soliton we pnetige dependence af, on the parameteNdy,. It
can be seen that, depends almost linearly ony,. The relation between parameters describing the size adritiyp
and the width of the breathing 2D soliton can be approximpateitten as

AN

X, Y _R 21

W W (21)
where for the symmetric impurity regidR = 2%, and, in general, paramet@rdepends on the parametex&, W,
andW,.

In Fig. [I8 we plot the regions of the parametais, Wy andW, where diferent localized nonlinear excitations

exist. It can be seen that the increas&\ipshifts the critical curves toward the smaller values of theametera\K
andW.

4. Conclusions

Using analytical and numerical methods we examined the migsaof the sine-Gordon equation kinks passing
through the attractive impurity. The cases of extendeddimensional and two-dimensional impurities were studied.

By linearizing the sine-Gordon equation we obtained theetlision relations for the small-amplitude localized
impurity modes. Using numerical methods we showed the pitisgiof excitation by the passing kink of the first even
and odd modes of high-amplitude localized on the impurityleso The obtained numerically dispersion relations in
the case of low oscillation amplitudes are in good agreemvéhtthe results of analytical calculations.

For the case of two-dimensional impurity we showed numéyrittae possibility of excitation by the passing
kink of non-linear high-amplitude waves of new type, calkeate breathing pulson and breathing 2D soliton. We
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suggested analytical expressions to model these new #ao#a The breathing pulson and breathing 2D soliton
radiate extended waves and their amplitudes slowly deereBeth excitations are long-living and can be of both
symmetric and asymmetric type depending on the impuritg tyle determined the range of the impurity parameters
where the breathing pulson and breathing 2D soliton can biéeelx The amplitude, size and frequency of the excited
localized nonlinear as the functions of the impurity parterewere given.
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Figure 9: Snapshots of the functioiés, y*,t) (a,c) andd(x*,y,t) (b,d) for the caseAK = 2, vy = 0.57. In (a,b) the impurity is symmetric,
Wy = Wy = 1, and the curves 1 to 6 are foe {282, 29.04, 295, 30.24, 30.72 315}. In (c,d) the impurity is asymmetrié\y = 1, W, = 3, and
the curves 1 to 6 are fdr= {44.28, 45.6, 45.96, 46.5, 46.86, 48.18}. The impurity center coordinates axe= y* = 60.
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Figure 10: The functiod(x", y*, t) for the casep = 0.85,Wy = 1, W, = 3, AK = 2 (curve 1) and\K = 5 (curve 2).
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Figure 11: Snapshots 6x, y*, t) (a) andg(x", y, t) (b) for Wx = 1, W, = 1, AK = 2. Curves 1 to 5 correspond te- {42, 54, 66, 78, 90}.
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Figure 12: The dependence of the breathing pulson oseifldtequencyw) (a) on the parametexK for the caseM, = 3 andWy = 1 (curve 1),
Wy = 2 (curve 2), andVy = 3 (curve 3); (b) on the parameté¥ for the casaMy, = 1 andAK = 2 (curve 1) AK = 3 (curve 2), and\K = 4 (curve
3). Kink initial velocity isvp = 0.57.
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Figure 13: The dependence of the breathing pulson maximuptitane An,ax at the impurity center on the kink velocity for the casény = 1,
AK =2, andW, = 1 (curve 1) W, = 2 (curve 2),W, = 3 (curve 3).
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Figure 14: Excitation and evolution of the breathing 2D tsalifor the caséNy = 1, Wy, = 3, AK = 5. Panels (a) to (f) correspond to=
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Figure 15: Snapshots of the functiof(s, y*, 1) (a,c) andd(x", y, t) (b,d) for the case (a,blx = 2, Wy = 2, andt = 30.18 (curve 1)f = 31.8 (curve
2),t = 3372 (curve3d); (c,dWyx = 2, Wy = 3, andt = 30.78 (curve 1)t = 324 (curve 2)t = 3402 (curve 3).AK = 5,vg = 0.85. The impurity
center coordinates ar€é = y* = 60.



1.0 o 1.09 o /
0.8 0.84 3

11 _
0.6 2 0.6

w
4K g

2 3 4 5 10 15 20 25 30 35
(@ (b)

Figure 16: The dependence of the breathing 2D soliton asioifi frequencyws (a) on the parametekK for the casey = 2 andWy = 2 (curve
1), Wy = 3 (curve 2) Wy = 4 (curve 3); and (b) on the parameWw; for the caséNy = 1 andAK = 5 (curve 1) AK = 5.5 (curve 2) AK = 6 (curve
3). Initial kink velocity isvp = 0.85.
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Figure 17: The breathing 2D soliton widtty as the function of the paramet@f, for AK = 5, vo = 0.85, andWx = 2 (curve 1) Wy = 3 (curve 2),
Wy = 4 (curve 3).
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Figure 18: The regions of the impurity parameters allowimg éxistence of the breathing pulson (above the lines 1, 3grahd the breathing 2D
soliton (below the lines 1, 2 and 3). The lines 1 and 2 and 3gmtasumerical results foMy, = 1 andW, = 3, respectively, while line 3 is plotted
with the help of [1#).
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